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Computational models that formalize complex human behaviors enable study and understanding of such

behaviors. However, collecting behavior data required to estimate the parameters of such models is often

tedious and resource intensive. Thus, estimating dataset size as part of data collection planning (also known

as Sample Size Determination) is important to reduce the time and effort of behavior data collection while

maintaining an accurate estimate of model parameters. In this article, we present a sample size determination

method based on Uncertainty Quantification (UQ) for a specific Inverse Reinforcement Learning (IRL) model

of human behavior, in two cases: (1) pre-hoc experiment design—conducted in the planning stage before any

data is collected, to guide the estimation of how many samples to collect; and (2) post-hoc dataset analysis—

performed after data is collected, to decide if the existing dataset has sufficient samples and whether more

data is needed. We validate our approach in experiments with a realistic model of behaviors of people with
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Multiple Sclerosis (MS) and illustrate how to pick a reasonable sample size target. Our work enables model

designers to perform a deeper, principled investigation of the effects of dataset size on IRL model parameters.
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1 INTRODUCTION

The ability to formally express human behaviors as a computational model enables the study and
understanding of such behaviors to inform the design and implementation of future behavior-
aware interfaces [7]. Human behavior is most often purposeful—people perform actions in situa-
tions they find themselves in to open up opportunities that allow them to accomplish their goals
[6]. People’s enacted behaviors result in behavior instances: sequences of situations people find
themselves in and actions they perform in those situations.
Computational models can formalize, classify, and predict complex human behaviors and envi-

ronments in which the behavior is situated. Computational modeling [67] approaches then enable
exploration of such models by simulating situations that people find themselves in and predicting
the actions that they take in those situations. In this work, we focus on methods that train mod-
els on empirically collected data of behavior instances to predict enacted behaviors (e.g., physical
actions) in a given situation. Although we assume that human behavior can be estimated as a
computationally rational policy [35, 60], we do not focus on cognitive frameworks [50, 60] and
architectures [52] that model the cognitive processes (e.g., task planning) preceding those actions
and that do not explicitly train on behavior instances data.
While researchers have traditionally used commodity supervised and semi-supervisedMachine

Learning (ML) methods to classify and predict human behavior [20, 28, 44, 65, 90], recently, In-
verse Reinforcement Learning (IRL) [69] has emerged as a viable alternative computational
modeling approach for capturing, exploring, and predicting such behaviors [4, 8]. A form of su-
pervised ML itself, existing IRL approaches have already shown value to theHuman-Computer

Interaction (HCI) community for modeling human behavior [4, 49, 93, 94, 96] and supporting
behavior-aware interfaces (e.g., coaching aggressive drivers [8]). In contrast to Reinforcement

Learning (RL) algorithms [48] that compute an optimal policy given existing, known rewards, IRL
approaches to modeling human behavior [4, 8, 96] leverage historical behavior data (e.g., previ-
ously collected behavior instances) to estimate an unknown reward function (i.e., the preference
that people have for different situations and actions) that could have led to their behavior.
Although large amounts of high-quality training data will almost always result in an accurate

IRL model of human behavior, it is not clear how to decide howmany behavior instances to collect
(especially when collecting such data is challenging or resource intensive). For example, unlike in
the driving safety domain where datasets could easily have tens of thousands of behavior instances
or more [8], in the healthcare domain participant data pools are often small [43], in particular
when modeling behaviors of people with rare conditions and when data collection places a signif-
icant burden on the participants (e.g., people with Multiple Sclerosis (MS) [97]). Not collecting
enough data (under-collection) will inevitably result in high uncertainty of model parameters and
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predictions. Collecting more than the necessary amount of data (over-collection) places an undue
burden on the participants and wastes precious resources and time.
Thus, having a well-informed idea of how much data to collect is important for both conserva-

tions of resources as well as obtaining an accurate estimate of model parameters. Sample Size

Determination (SSD) [2] (i.e., estimating the effects of dataset sizes on the model parameters),
which has traditionally focused on power analysis in Null Hypothesis Statistical Testing

(NHST) [22, 59], has seen an increased application for determining the accuracy of parameter
estimation [66]. However, despite the HCI community’s interest in quantifying uncertainty for
its models (e.g., [91]), no direct applications of existing (mostly frequentist) SSD methods to the
domain of modeling human behavior via IRL exist. Bayesian IRL methods (e.g., [18]) have the po-
tential for estimating the effects of dataset size on the uncertainty of model parameters, but there
is no immediately obvious application to SSD. Note that knowing how much data to collect is
different from methods for training models from scarce datasets [30, 79, 87, 92], as such methods
still give no indication about how much data to collect or how such collected data impacts the
uncertainty in the model parameters.
In this article, we seek to quantitatively approach the question of how much data to collect

through concepts of Uncertainty Quantification (UQ) [36]. UQ is the field concerning the
characterization and computation of uncertainty and confidence for models and data in a prin-
cipled statistical manner, and is used across a wide range of scientific research domains (e.g., engi-
neering physics [70], nuclear weapons stockpile management [74], astronautical engineering [24],
medicine and healthcare [9]). Applied to the problem of SSD, UQ could estimate the uncertainty
of model parameters and how the uncertainty changes with different dataset sizes (i.e., how an
increase in the number of data samples reduces model parameter uncertainty). Note that in this
article we focus on determining the number of samples (e.g., how many people to collect behavior
instances from), rather than the length of individual behavior instances.
Here, we present a UQ-based method for estimating how much behavior data to collect to ob-

tain an accurate estimate of behavior model parameters. We do this for a specific IRL algorithm,
MaxCausalEnt [95], which has been used to model human behaviors [4, 8, 94, 96] as a Markov

Decision Process (MDP) [75]. Our goal is not to compute and declare the optimal number of data
points for any specific application problem; instead, our method enables model designers to make
an educated decision about the tradeoff between resources required to collect a number of data
points and the uncertainty in model parameters that will result from that size of data.
We cast our problem of SSD [66] in a simulation-based Bayesian experimental design setting [19,

41, 68]. The main insight behind our method is that the probability of model parameters given
training data can be updated from prior to posterior through Bayesian inference [10, 11, 51, 85, 88].
We hypothesize that the probability density function (PDF) of the posterior will be narrower
(on average) than that of the prior and that the shrinkage of the posterior from the prior, which
we quantify using the Information Gain (IG) based on the Kullback–Leibler (KL) divergence
[47], will continue to increase as the dataset size increases. Our method leverages this shrinkage
to determine whether adding more behavior instances will contribute to significant improvements
in the accuracy of the model and its parameters.
Ourmethod is applicable in two different cases relevant to data collection for modeling behavior:

— pre-hoc experiment design, conducted in the planning stage before any data is collected, to
guide the estimation of how many samples to collect; and

— post-hoc dataset analysis, performed after data is collected, to decide if the existing dataset
has sufficient samples and whether more data is needed.

We validate our approach and illustrate its relevance to HCI applications in the domain of health-
care, where SSD is a crucial part of data collection and modeling. We use a realistic example of
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modeling behaviors of people with MS, a progressive autoimmune disease of the central nervous
system [40]. In our pre-hoc experiment design, we: (1) generate synthetic datasets with various
samples of the true model parameters and dataset sizes based on the parameter priors, (2) draw
samples from the posterior distributions using Markov Chain Monte Carlo (MCMC) [16, 37],
and (3) quantify the IG from the prior to the posterior. We then construct a pre-hoc curve that
shows how the expected IG (EIG) among synthetic datasets changes as the synthetic dataset size
increases. For the post-hoc analysis, we perform our computations on an existing real-world MS
dataset [53–55] to obtain its realized IG curve and compare it with the pre-hoc EIG curve to show
that dataset size determined from the pre-hoc stage is indeed indicative and can be applied to the
MS dataset collection.
Having validated our method, we present a procedure that the model designer (i.e., the end-user

of our method) can directly use to determine the sample size that results in a desired target EIG.
Overall, our method serves as a tool for supporting decision-making; the final decision of exactly
how many samples to collect rests with the model designer. In our pre-hoc design procedure, the
model designer needs only specify: (1) the absolute maximum number of samples allowed by their
resource constraints, and (2) a percentage target of the resulting maximum EIG. We provided an
illustration of SSD for MS behavioral modeling, where with a maximum of 10,000 samples and a
target of 80%; our method returned that only 807 samples are needed. Our post-hoc dataset analysis
procedure allows the model designer to check whether their collected dataset is sufficiently large
to have achieved the target EIG. In this procedure, the model designer supplies: (1) the collected
dataset, and (2) the target EIG from their pre-hoc design. Our method then computes the ratio of
the realized IG to the target EIG. In our illustration, we showed that with 707 real-life samples, it
already exceeded our EIG target from pre-hoc design, and thus no additional samples are needed.
The key contribution of this work is a Bayesian experimental design approach to creating a gen-

eralizable SSD method for IRL. Our work enables model designers to perform a deeper, principled
investigation of the effects of dataset size on model parameters in IRL. It allows for the determina-
tion of sample size, one of the hallmark problems of scientific research, as a precursor to building
more accurate models of human behavior. Insisting on building accurate models will become par-
ticularly important with the rise of behavior-aware user interfaces that automatically reason and
act in response to people’s behaviors in almost every aspect of their lives.

2 HUMAN BEHAVIOR MODELS SAMPLE SIZE DETERMINATION CHALLENGES

Computational modeling in HCI [7, 72] and behavioral science [89] more broadly aims at using
precise mathematical models to make better sense of behavioral data collected from people’s per-
sonal, mobile, and wearable devices, and their instrumented environments. Such models range
from simple regression models (e.g., how people point at targets [5, 86]) to more complicated ML-
based models [15] that make predictions about people’s behaviors. In recent years, researchers
have proposed a number of models of the latter kind that capture purposeful human behaviors (in
particular routine behaviors) [4, 26, 27, 61, 64, 80]. Such models are characterized by the need for
empirically collected behavior instances data to train the models.
IRL [69] is one such approach that offers a principled way to formalize the definition of pur-

poseful (routine) behaviors [6] and model such behaviors [4]. Unlike other supervised ML meth-
ods and data mining approaches [26, 27, 61, 64, 80] that simply correlate people’s current situation
(or recent past situations) with the next action, IRL methods predict people’s next action (in their
current situation) that allows them to accomplish a future goal; thus capturing the purposefulness
of human behavior [6].
Similar to existing RL [48] approaches to modeling human behavior [33, 34, 38, 57, 58, 82], IRL

approaches capture human behavior as an MDP [75] and assume that human behavior can be
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estimated as a computationally rational policy [35, 60]. Lacking the existing, known rewards that
are present in RL, IRL algorithms optimize the parameters of the model based on the history of
behavior instances from the data (each guided by a policy that specifies which actions to perform
in which situations), to estimate an unknown reward function (the preference that people have for
specific situations and actions) that could have led to their behavior. Thus, policies used in both
RL and IRL imitate human behavior because such policies emerge as solutions to optimization
problems that maximize long-term cumulative reward is given cognitive and task bounds [21, 72].

However, the lack of precise rules for determining how much data we need to accurately es-
timate the parameters of such behavior models remains one of the challenges when modeling
human behavior via IRL. Although SSD methods [66] have seen applications for estimating the
number of samples in related field of supervised ML classification [14, 29, 32], such methods have
not seen much application to IRL, or more specifically, in the domain of modeling human behavior
via IRL.

Note that methods that aid training models from scarce datasets [30, 79, 87] do not provide in-
formation if the amount of data they train on is enough to train a model. Artificially increasing
collected dataset size to fix class imbalance in datasets (e.g., using oversampling [3]) or to reduce
overfitting (e.g., using data warping [45]) gives no indication about howmuch data to generate. For
example, using Generative Adversarial Networks [92] to generate more records, simply samples
from narrow probability distributions built on existing small sample sizes, thus increasing the cov-
erage around the existing data, but not in underexplored data spaces. Active Learning approaches
[1, 84] compute uncertainty over new data samples to find a subset of data that requires labeling.
However, data scarcity challenges are different from data labeling challenges, where a massive
amount of unlabelled data is readily available.
Uncertainty Quantification (UQ) methods [36] hold the potential to aid in SSD by estimating

the uncertainty of model parameters and how the uncertainty changes with different dataset sizes
(i.e., how an increase in a number of data samples reduces model parameter uncertainty). While
the literature often refers to UQ to be the forward propagation of uncertainty from inputs (un-
certainty sources) to outputs, SSD emerges as part of the inverse UQ problem: given observation
data, what is the resulting uncertainty on model parameters in the presence of this evidence? The
Bayesian inference formalism [10, 11, 51, 85, 88], which seeks to compute the posterior probability
of unknown parameters conditioned on given observation data, offers a mathematically rigorous
approach for solving this inverse problem. The Bayesian framework is particularly suitable for SSD
[62] in situations of sparse and noisy data, where the residual uncertainty in the model remains
non-negligible. Yet, it is not immediately clear how to apply such a method to the problem of SSD
when modeling human behavior via IRL, which we explore in our work.

3 MODELING HUMAN BEHAVIOR VIA INVERSE REINFORCEMENT LEARNING

In this work, we focus on SSD for a specific model of human behaviors [4], which uses the Max-
CausalEnt algorithm [95] to estimate model parameters from behavior instances data. Thus, we
start by describing the classical (non-Bayesian) construction of that IRL model, followed by a pre-
sentation of the Bayesian framework [10, 11, 51, 85, 88] for inferring model parameters with quan-
tified uncertainty given datasets of various sizes in Section 4.

3.1 Modeling Human Behavior with Markov Decision Process

Following [4], we formalize purposeful behaviors as an MDP [75], given by a tuple:

MMDP =
{S, A, R (s,a), P0 (s ), P (a | s ), P (s ′ | s,a)}. (1)

Here s ∈ S is the state from a finite state space representing different situations that a human
participant (i.e., agent) can be in, and a ∈ A is the action from a finite action space that the
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participant can take. The reward function R (s,a) defines the reward that the participant incurs
when performing an action a while in the state s . The reward function thus represents the partici-
pant preference for being in various situations and for taking different actions in those situations.
The initial state probability P0 (s ) captures the probability that a state initiates a behavior in-

stance. The conditional probability of actions given states P (a | s ) represents the probability that
the participant will choose to perform a particular action a in a particular state s . The action-
dependent transitional probability P (s ′ | s,a) designates the probability of transition into the next
state s ′ after the participant performs action a in state s . The transitional probability thus captures
how the actions that participants choose in various situations influence their surroundings. How-
ever, since participants rarely have full control over their environments, the transition probability
also encodes how the environment changes at each step independent of the participants’ actions.

3.2 Estimating Model Parameters via MaxCausalEnt IRL Algorithm

In an IRL setting, P0 (s ), P (s
′ | s,a), P (a | s ), and R (s,a) are all unknown, and the goal is to estimate

them from an available dataset of observed behavior instances, where each behavior instance sam-

ple is defined as a sequence of state and action pairs over time: {(s (i )1 ,a
(i )
1 ), (s (i )2 ,a

(i )
2 ), . . . , (s (i )

T
,a (i )

T
)},

where i = 1, . . . ,nd denotes the ith sequence sample of length T in the dataset for a total of nd
samples. Note that we can collect more than one behavior instance from a single person in our
dataset. For now, we assume all sequences have the same length T .
Following the framework introduced in [4], P0 (s ) and P (s

′ | s,a) can be estimated by construct-
ing two separate Bayesian networks [12] from the dataset samples. Furthermore, we define a linear
parametric reward function:

R (s,a) = θTFs,a , (2)

where Fs,a is a general feature vector and θ is a vector of unknown weight parameters repre-
senting the strength of preferences for individual features. MaxCausalEnt IRL algorithm [95] then
estimates the parameter θ of the reward function R (s,a). The algorithm ensures that the reward
function R (s,a) relates to the stochastic policy P (a | s ), so that the probability of each action is
proportional to the sum of rewards over a sequence of future states and actions starting at the
next transition state. It does so by computing the policy probability P (a | s ) that maximizes the
“causal” entropyH (a1:T ‖ s1:T ) (please see [95] for the precise definition, we altered the superscript
notation here to a subscript to avoid confusion with the transpose operation):

argmax
P (a | s ),
a∈A,s ∈S

H (a1:T ‖ s1:T ) (3)

such that

EP (s,a)
[Fs,a ] = EP̃ (s,a) [Fs,a ]

P (a | s ) ≥ 0, ∀ s ∈ S,a ∈ A∑
a∈A

P (a | s ) = 1, ∀ s ∈ S.

Most importantly, the first constraint imposes the expected feature counts EP (s,a)
[Fs,a ] computed

from the model using the estimated policy P (a | s ) matches the empirical expected feature counts
EP̃ (s,a)

[Fs,a ] observed in the dataset, thus ensuring the model to capture the policy that guided

the behavior instances in the data [69].
MaxCausalEnt IRL algorithm [95] solves the optimization problem in Equation (3) using Sto-

chastic Gradient Descent (SGD) [12] over the reward function parameter θ . At each gradient
step, it iteratively computes action-based value function Qsoft

θ
(s,a) that represents the expected
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value of performing a specific action a in a specific state s , and state-based value function V soft
θ

(s )
that represents the expected value of being in a specific state s:

Qsoft
θ (st ,at ) =

∑
st+1

P (st+1 | st ,at )V soft
θ (st+1) + θ

TFst ,at , (4)

V soft
θ (st ) = softmax

at

{
Qsoft
θ (st ,at ), c

}
, (5)

where softmaxx { f (x ), c} := 1
c
ln
∑

x e
cf (x ) and c is a hyperparameter. These two value functions

are then used to compute the policy via following equation:

P (at | st ) = 1

Z (st )
ec (Q

soft
θ

(st ,at ) − V soft
θ

(st )) , (6)

where Z (st ) =
∑
b ∈A ec (Q

soft
θ

(st ,b )−V soft
θ

(st )) ensures the overall expression is a proper probability
mass function. The SGD algorithm uses the stochastic policy P (at | st ) in a forward pass to up-
date the estimated expected feature counts EP (s,a)

[Fs,a ] , and updates the parameter θ using the
following equation until convergence:

Δθ = EP (s,a)
[Fs,a ] − EP̃ (s,a) [Fs,a ] . (7)

Overall in the MaxCausalEnt IRL algorithm [95], the dataset, and the number of sequence
samples nd in the dataset, affects the estimation of P0 (s ), P (s

′ | s,a), and EP̃ (s,a)
[Fs,a ] . While

MaxCausalEnt IRL provides an efficient method for estimating θ , it only produces a single point
estimate and does not offer a measure of uncertainty or confidence surrounding the estimated
value that results from nd . This difficulty is further compounded by the highly non-concave
nature of the causal entropy objective, leading to local maxima and non-unique solutions in
θ (equivalently, multimodal distributions [76]). As a result, in the above framework, it is very
challenging to quantify the estimation quality, and the potential improvement of estimation
quality when more data samples are acquired. In the next section, we introduce the Bayesian
inference approach that computes the full probability distribution of θ , thus allowing a rigorous
quantification of the uncertainty in estimating θ . We will then use metrics derived from the
uncertainty of θ to guide the determination of sample size nd .

4 METHOD FOR SAMPLE SIZE DETERMINATION

We introduce a Bayesian approach to quantify the effects of dataset size (i.e., number of collected
data samples) on the uncertainty of parameter estimation for a specific IRL-based model of hu-
man behavior [4] that we described in the above section. Once we quantify these effects, we can
compute the number of data samples needed to achieve some targeted estimation performance or
quality, or when the cost of collecting additional data outweighs the added benefit. Our method
can guide model designers to decide how much data to collect, or to assess if an existing dataset
contains sufficient data samples.

4.1 Bayesian Inference forQuantifying Parameter Uncertainties

Bayesian inference [10, 11, 51, 85, 88] is a framework that provides a rigorous quantification of
uncertainty via the formalism of probability theory. It is particularly suitable for incorporating
sparse, noisy, and incomplete data from different sources, and a versatile entryway to inject domain
knowledge, historical data, and opinions from subject matter experts. Performing Bayesian infer-
ence for the IRL problem is known as Bayesian IRL (BIRL) [76]. BIRL has been studied in many
different use-cases, including modeling the behavior of distinct conversational agents in a virtual
environment [78], automatically generating trajectories for active learning from critiques [25], and
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evaluating the upper bound of the policy loss of IRL [17]. Such existing work attempts to directly
infer a distribution for R (s,a), which has a dimensionality equal to the cardinality of S ×A, typi-
cally prohibitive for most Bayesian inference algorithms in practice.
Instead, we proceed in a manner similar to the previously described MaxCausalEnt approach

to use a linear parameterized form of R (s,a) in Equation (2), and then infer θ . We build upon an
existing parametric BIRL work [42], which was previously illustrated only on a 4-dimensional θ .
Under the Bayesian framework, we treat θ as a (continuous) random vector with an associated

PDF. Given a dataset with nd behavior instances (sequence samples) D = {(s (i )t ,a
(i )
t )}, t = 1, . . . ,T ,

i = 1, . . . ,nd , the uncertainty of our unknown model parameter θ is updated via Bayes’ rule:

p (θ |D) = P (D | θ )p (θ )
P (D)

, (8)

where p (θ |D) is the posterior PDF,1 p (θ ) is the prior PDF, P (D | θ ) is the likelihood function (i.e.,
the probability density of having observed the state and action trajectories in D if the true feature
weights were θ ), and P (D) is the model evidence (a normalization constant with respect to θ ). The
prior thus represents the “before-data” uncertainty, and the posterior is the “after-data” uncertainty.
Solving the Bayesian inference problem entails characterizing the posterior p (θ |D). We note that

the evidence (also known as the marginal likelihood) P (D) =
∫
Θ
P (D | θ )p (θ ) dθ is an intractable

quantity and expensive to numerically approximate, but can be avoided altogether by employing
MCMC algorithms [16] that generate samples from the posterior distribution.
For a Bayesian inference problem, we generally have the ability to evaluate the prior and likeli-

hood PDFs. Usually, the model designer would select the prior, which represents their knowledge
or belief about θ before having seen any data. For example, a prior PDF with finite support brings
bound constraints to the parameter value, a non-informative maximum entropy prior indicates
maximum initial ignorance and minimal assumptions [46], and an informative prior can incorpo-
rate domain knowledge, previous experience, and expert opinions [71].
The likelihood function can be directly derived using the Markovian structure of the MDP

model with the assumption of conditional independence among different observed behavior in-
stances [76]:

P (D | θ ) =
nd∏
i=1

P
({(

s (i )t ,a
(i )
t

)}T
t=1

����θ ) (9)

=

nd∏
i=1

P
(
s (i )1

)
P
(
a (i )1

���� s (i )1

)
P
(
s (i )2

���� s (i )1 ,a
(i )
1

)
· · · P

(
s (i )
T

���� s (i )T−1,a
(i )
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1We use lower case p ( ·) for PDF of a continuous random variable or vector, and upper case P ( ·) for probability mass

function of a discrete random variable or vector.
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where c is the softmax hyperparameter, and K[∼θ ] collects all terms that do not depend on θ . Note
thatK[∼θ ] does not need to be computed if MCMC is used since this term is a constant with respect
to θ . However, the posterior still depends on the transition probability since it enters through the
policy computation in the exponential terms, as seen in Equation (4).
We note that the likelihood here differs from classical Bayesian likelihoods often designed to

capture measurement noise or model inadequacy, such as those discussed in [51]. Instead, the
likelihood in Equation (10) (and in the current BIRL literature) stems from the stochasticity of the
policy P (a | s ). Consequently, this formulation has a limitation that inherently assumes the dataset
is free of measurement noise and the model is absent of error. Incorporating these factors is non-
trivial, and requires substantial new formulations to the BIRL framework. Thus in this work, we
follow existing BIRL formulation, and leave such improvements as future work.
Lastly, once we obtain the posterior p (θ |D) or its samples, we can propagate this uncertainty to

any other θ -dependent quantities of interest in the model—these are known as posterior-predictive
distributions. For example, model designers and domain experts may be interested in the uncer-
tainty of specific policy probabilities P (a∗ | s∗), for some subset of a∗ and s∗ of interest, resulting
from the residual posterior uncertainty in θ . This can be achieved numerically via Monte Carlo
sampling [77] from the MCMC posterior samples of θ .

4.2 Quantifying Data Scarcity

Following the Bayesian framework introduced in the previous section, we quantify data scarcity
based on the extent of uncertainty reduction on θ . Specifically, we employ the KL divergence [56]
from the prior to the posterior (i.e., IG on θ from the data D):

DKL (p (θ |D) | | p (θ )) =
∫
Θ
p (θ |D) ln

[
p (θ |D)
p (θ )

]
dθ . (11)

The KL divergence is non-negative, and equals zero if and only if p (θ |D) = p (θ ). It provides a mea-
sure of dissimilarity between two probability distributions and is strongly rooted in information
theory [23]. Furthermore, since SSD is desired before data collection, D would not be available yet
at this pre-hoc stage. Thus, we need to take the expectation over all possible realizations of D, to
arrive at the final expected KL divergence (or EIG):

EIG(nd ) = ED
[
DKL (p (θ |D) | | p (θ ))]

=
∑

D∈{(S (i )
t
,A (i )

t
)T
t=1 }

nd

i=1

∫
Θ
p (θ |D) ln

[
p (θ |D)
p (θ )

]
dθ P (D), (12)

where we explicitly show the dependence on nd . This quantity is also known as the expected utility
in Bayesian experimental design [19, 41, 68] and is often used as the criterion to be maximized in
statistical designs of experiments.
In general, the KL divergence has no closed-form and must be approximated numerically. We

adopt a Monte Carlo estimator using posterior samples generated from the MCMC algorithm:

EIG(nd ) ≈ 1

LM

L∑
j=1

M∑
k=1

[
lnp
(
θ (j,k ) |D (j )

)
− lnp

(
θ (j,k )

)]
, (13)

where L and M are the Monte Carlo sample sizes in this estimator. Specifically, L is the number
of realizations of the data D that we synthetically generate, and M is the number of posterior θ
samples produced from MCMC given each of these data realizations. We chooseM so that MCMC
reasonably converges, and L based on available computational resources. We emphasize that these
Monte Carlo sample sizes L and M are purely for numerically estimating the EIG, and should
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not be confused with the sample size nd that is the number of behavior instances to be collected

(which affects the dimension of D). D (j ) is then the jth Monte Carlo sample drawn from P (D),
generated by sampling the prior θ ′ ∼ p (θ ) then the likelihood D (j ) ∼ P (D | θ ′) conditioned on
the prior sample. More specifically, to generate each (ith) behavior instance within the jth data

realizationD (j ) that corresponds to θ ′, we sample the behavior instance’s states from the transition

probability and actions from policy computed using Equations (4)–(6) given θ ′. Lastly, θ (j,k ) is the

kth MCMC sample drawn from p (θ |D (j ) ). However, we do not have the ability to evaluate the
posterior PDF p (θ |D) since MCMC produces samples but not PDF values. Thus, we use kernel
density estimation (KDE) [83] to approximate the PDF from the MCMC samples of θ .

4.3 Determining Sample Size

Intuitively, one expects EIG to increase as more data is collected (i.e., with large nd ), but the ad-
ditional benefit from each new sample generally diminishes as the overall dataset grows. Finding
the critical point where the rate of benefit is no longer worthwhile can be valuable in guiding the
decision-making of SSD.
In the pre-hoc experiment design, the model designer (i.e., the experimenter) seeks to estimate

the number of samples to collect. We propose a procedure to arrive at this number, where the ex-
perimenter needs to supply two parameters. The first parameter is the absolute maximum number
of samples nmax

d
allowed by the resource constraints (e.g., time, funding, number of people in the

target population). Here we require the specification of the maximum allowable samples instead
of a target EIG since the former is more intuitive and tangible, and relatively easier to determine
for model designers (e.g., divide maximum resources by unit cost of each data sample). The second
parameter is the target percentage p ∈ (0, 100] of the maximum EIG (i.e., the EIG corresponding to
nmax
d

) that the model designer wishes to achieve (e.g., 80%, 90%). This parameter allows the flexibil-
ity of conserving resources since often we do not wish to expend all available resources on a single
data-collection campaign, and for the model designer to exercise their valuation of information-
versus-cost tradeoff. The dataset sample size nd (p) for achieving p percent of the maximal EIG can
then be solved via

EIG(nd (p)) =
p

100
EIG
(
nmax
d

)
. (14)

In the post-hoc dataset analysis, the model designer can calculate if the number of samples in
their collected dataset is sufficiently large. For example, we can compute the percentage of the
maximal EIG reached by the realized post-hoc IG, and compare it with the desired percentage p.
If this post-hoc percentage is equal to or greater than p, then we have collected sufficient data
samples to achieve our target EIG. We note that it is possible for the post-hoc percentage to exceed
100%, since the realized post-hoc IG is for the particular collected dataset, while the pre-hoc EIG is
the expectation over all possible datasets.
We emphasize that our method is a general decision-support framework, not a decision-making

system. The precise decision-making rules and criteria (e.g., choice of nmax
d

and p) will depend on
many additional factors such as the specific goals of the model and data usage, monetary cost and
scheduling of experiments, value of information and knowledge, consequences and risks, regu-
latory and policy requirements, and even the degree of risk-aversion of the experimenter. Incor-
porating these components systematically and comprehensively, as is pursued in the research of
decision theory (e.g., [10, 73]), is challenging and beyond the scope of our work.

5 ILLUSTRATING APPLICATION OF OUR SAMPLE SIZE DETERMINATION METHOD

We demonstrate our decision support method for SSD on a behavior model of people with MS
[97]. People with MS experience physical impairment and chronic pain, fatigue, depressed
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mood, and cognitive problems. Such symptoms relate to numerous negative outcomes, including
unemployment, disability, social impairment, life dissatisfaction, interference with daily activities,
deterioration of general mental and physical health, and lack of community integration. Thus,
interventions that target the most severe or impactful symptoms, such as pain and fatigue,
could improve people’s healthcare outcomes and their quality of life by guiding the timing of
medications and selection of behavior-based self-management strategies.
Such a behavior model is of high interest to the clinicians to test the hypothesis that participants’

activities of daily living that we can sense, identify, and collect can predict their pain, fatigue, and
overall well-being. Therefore, our goal is to illustrate how to provide guidance to model design-
ers, via a mathematically principled framework, in deciding how many samples (i.e., how many
behavior instances of people with MS) to collect for learning people’s behaviors. We leave the ap-
plication of IRL to modeling the MS data including validation of such models and any resulting
interventions for future work, which can only be done after we have estimated the required num-
ber of samples to train our models. We illustrate the effects of dataset size under both pre-hoc and
post-hoc scenarios.

5.1 Model of Behaviors of People with Multiple Sclerosis

To model behaviors of people with MS, we followed the modeling approach from [4] and used the
MDP framework described in Section 4. For this investigation, we consulted a domain expert from
our institution, who is a Research Non-Clinical Psychologist in Physical Medicine and Rehabili-
tation specializing in MS, for the formulation of the initial state and state transition probabilities.
Here, we describe how we model different aspects of behaviors of people with MS, and in the
following sections, we provide details about how we perform the pre-hoc experiment design and
post-hoc dataset analysis.

5.1.1 States and Actions. We define our state space S and action space A by defining state
and action features (Tables 1 and 2). These features in turn define feature vectors Fs,a , which are
designed to be one-hot-encoding of all possible state and action pairs. The state features (Table 1)
describe participants’ demographics (gender and age), contextual information such as the time of
day (wake, morning, afternoon, evening, and bed), self-reported symptoms, and health indicators
(i.e., momentary assessment of pain and fatigue at each time of day, and self-reported positive

affect andwell-being (PAW) [81]), and information about their last objectivemeasures of activity
intensity (measured as activity bouts) and pace (measured as the number of breaks participants
take while performing an activity).
The action features (Table 2) represent participant objective measure of activity intensity and

pace (e.g., as measured by an ActiGraph watch) and whether or not a participant filled out the
momentary assessment of their symptoms and their PAW (i.e., end-of-day functional outcome) at
each time of day. Note that people with MS do not have full control over their symptoms and
their healthcare outcomes—they only have control over their decision to record them or not. We
followed the same time of day intervals from the original dataset [53, 55] according to common
momentary assessment times for this participant population.

5.1.2 Behavior Instances. We define a behavior instance as a sequence of states and actions
that captures situations that a particular participant found themselves in and the actions they
performed in those situations, every single day. Thus, we treat each participant’s day as one sample

of a total of nd samples (nd thus equals the number of participants times the number of days
they participated in the study). Because each behavior instance represents behaviors of a single
participant, Gender and Aдe variables remain the same throughout a behavior instance, time of
day advances at each transition, and the rest of the variables change either in response to the
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Table 1. State Features that Define the Different Situations that a Participant

with MS Can Be in

State Feature Description

Gender
Gender of the people with MS

{Male, Female}

Age
Age of the people with MS

{Younger than 30, Between 30 to 60, 60 and older}

Current Daytime

Interval

Time of the day

{Wake, Morning, Afternoon, Evening, Bed}

Current Pain
Current interval pain score

{Low, Medium, High, Not Recorded}

Current Fatigue
Current interval fatigue score

{Low, Medium, High, Not Recorded}

Last Activity Bouts

Last interval activity bouts based on

average activity bouts per 15s from an ActiGraph watch

{Low, Medium, High, Not Recorded}

Last Activity Pace

Last interval pace (determines whether last activity

was performed with/without breaks) from an ActiGraph watch

{Low, Medium, High, Not Recorded}

End-of-Day Positive

Affect and Well-being

Positive impact on bed interval signifies how much positive impact

(sense of well-being, feeling hopeful and satisfying, cheerful, etc.)

the participants with MS had on that particular day

(recorded at bedtime only)

{None (Not Applicable), Moderate, Mild, Normal, Not Recorded}

Table 2. Action Features Representing Different Actions that a Participant

with MS Can Perform

Action Feature Description

Current Activity Bouts

Current interval activity bouts based on average activity bouts per

15s from an ActiGraph watch

{Low, Medium, High, Not Recorded}

Current Activity Pace

Current interval pace (determines whether current activity was

performed with/without breaks)

{Low, Medium, High, Not Recorded}

Record Next Pain
Status of next state pain

{Recorded, Not Recorded}

Record Next Fatigue
Status of next state fatigue

{Recorded, Not Recorded}

Record Next Positive

Affect and Well-being

Status of next state positive affect and well-being

{Not Applicable, Recorded, Not Recorded}

participant’s actions or depending on the changes in symptoms and healthcare outcomes between
different times of the day.

5.1.3 Initial State Probabilities. Each behavior instance starts with an initial state s with prob-
ability P0 (s ), where CurrentDaytimeInterval of s is set toWake . To estimate initial state prob-
abilities P0 (s ), we build a Bayesian network [12] (Figure 1(a)). We consider six features that de-
scribe each state: age, gender, pain level, fatigue level, last activity bout, and last pace. Note that,
all initial states start when a person with MS wakes up; therefore, we only consider states with
Current_Daytime_Interval = Wake in our probability calculations (participants did not report
End-of-Day PAW at wake time), and set all other initial state probabilities to 0. Aдe and Gender
both influence Pain and Fatiдue , which are mutually independent, as are Aдe andGender . On the
other hand, LastAcbout and LastPace only influence the level of Fatiдue and they (LastAcbout
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Fig. 1. Bayesian networks for computing: (a) initial state probabilities P0 (s ), and (b) state transition

probabilities P (s ′ | s,a).

and LastPace) are mutually independent except for the Not Recorded case. If LastAcbout is
Not Recorded , then LastPace will also be Not Recorded , and vice-versa. Thus, we compute the
initial state probability as follows:

P0 (s ) = P (Aдe,Gender , Pain, Fatiдue,LastAcbout ,LastPace )

= P (Pain |Aдe,Gender ) × P (Fatiдue |Aдe,Gender ,LastAcbout ,LastPace )
× P (Aдe ) × P (Gender ) × P (LastAcbout ) × P (LastPace ). (15)

where s ∈ S0 and S0 represent all possible initial states.
5.1.4 State Transition Probabilities. Each state transition is driven by the action that the partic-

ipant performs and changes in participants’ symptoms irrespective of their actions, as influenced
by their demographics, time of day, and previously reported symptoms and healthcare outcomes.
To capture the probability of these transitions, we built another Bayesian network (Figure 1(b)) to
estimate state transition probabilities P (s ′ | s,a). Here, we used all of the features from current
state s and action a to estimate the joint probability of pain, fatigue, and PAW in state s ′, which
corresponds to the probability of next state s ′. This is because all of the other state features are
deterministic: DaytimeInterval transitions are fixed, Aдe and Gender stay the same at each tran-
sition, and values of LastActivityBouts and LastActivityPace in s ′ are the same as in action a. We
drew edges between nodes in the Bayesian network in Figure 1(b) according to instructions from
the domain expert.

5.1.5 Stochastic Action Policy. In this model, the participants decide on their next action based
on a reward function R (s,a) (Equation (2)), which represents the preference that people with MS
have for certain situations (e.g., specific pain and fatigue levels) and performing certain actions
in those situations. Given model parameters θ , we can compute the conditional probability of
participants’ actions given their current situation P (a | s ). This stochastic policy captures the
probability of each participant’s action relative to their preference for different features of states
and actions.
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Table 3. Participant Distribution of Age and Gender Suggested by an Expert Compared

to the Observed Distribution from the Post-collected Dataset

State Features Descriptors Expert’s Scaling Post-collected Dataset Distribution

Age

60 and Older 0.10 0.09

Between 30 to 60 0.80 0.80

Younger than 30 0.10 0.11

Gender
Female 0.70 0.70

Male 0.30 0.30

5.2 Computational Setup for BIRL

To demonstrate and validate our method, we used an existing MS dataset [53–55] containing 749
behavior instances collected from a total of 107 participants with MS. To illustrate pre-hoc experi-
mental design and post-hoc dataset analysis, we split this dataset into two subsets: (1) pre-collected
dataset with six participants resulting in 42 behavior instances (i.e., samples), and (2) post-collected
dataset with 101 participants or 707 samples. This split mimicked the common practice of piloting
a data collection study before running the main data collection. We used the pre-collected dataset
to estimate the initial state and transition probabilities of the MDP model, but not for building an
informative prior; thus avoiding leaking information between decision points.
We kept these two subsets strictly separate to prevent any statistical contamination (i.e., “cheat-

ing”) between pre-hoc experimental design and post-hoc dataset analysis. We judicially chose the
six pre-collected participants to include one person in each of the three age groups and for each
gender. The remaining 101 participants followed the original data collection study [53–55] inclu-
sion and exclusion criteria.
We then performed pre-hoc experimental design for SSD of the main data collection using only

the 42 pre-collected samples (and without using or seeing any of the 707 post-collected samples).
We then mimicked the main data collection with the remaining 707 samples and conducted a post-
hoc dataset analysis to update the model uncertainty and provide guidance on whether additional
samples are needed.

5.2.1 Estimating Initial State and Transition Probabilities. We used the pre-collected dataset to
estimate the initial state probability and transition probabilities. Since our 42 pre-collected sam-
ples in the pre-hoc experimental design came from 6 participants with different combinations of
age and gender each, the samples were not representative of the distributions of age and gen-
der in the study population. We thus consulted our domain expert (who collected the original
dataset [53–55]) to provide an estimate of the marginal distributions of age and gender groups en-
visioned for the targeted study group, and used these values to appropriately scale the initial state
and transition probabilities extracted from the Bayesian networks; the scaling factors supplied by
the expert are shown in Table 3. Note that the post-collected dataset protocol used those same
marginal distributions to control the ratio of age and gender in the dataset, thus showing excellent
agreement.

5.2.2 Bayesian Prior Selection. Having introduced the model and data, we now define the prior
distribution for our model parameters. Without any initial knowledge about correlation between
different θ , we prescribe an independent prior for θ :

p (θ ) =

nθ∏
i

p (θi ), (16)

where nθ is the total number of feature coefficients. Furthermore, we endow each p (θi ) to have
a weakly-informed structure, using a truncated normal distribution with a mean of 0.5 and
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Fig. 2. The prior PDF for θi is a truncated normal distribution with mean 0.5, standard deviation σ , and
truncation between 0 and 1. We tested the effects of prior choice under different values of σ above.

truncated outside [0, 1]. The truncated normal distribution thus imposes hard constraints for θi
to remain within 0 and 1 and also injects a preference for region near the center of this interval—
these regularize the non-uniqueness effects of θ (i.e., multiple θ values may produce the same
policy). Truncating the θ space also helps the MCMC sampling to be more stable and efficient.
As shown in Figure 2, we will compare priors with five different standard deviations, where the
smallest standard deviation represents the most informative prior, and the largest standard devia-
tion provides near-maximum entropy and approximates the uniform distribution. We discuss the
impact of different priors on the results of EIG and then select one for the remainder of the article.

5.2.3 Estimating Model Parameters and Corresponding Stochastic Action Policy. Participants’ re-
ward function, and the model parameters θ we use to compute it, are not known ahead of time.
Existing IRL approaches use the MaxCausalEnt IRL algorithm [95] (Equation (6)) to estimate fea-
ture weights to compute a reward function and the resulting policy. In our illustration, we apply
our BIRL method from Section 4.1 to compute the Bayesian posterior distribution of θ . Then, for
any given θ from this distribution, we can also obtain the corresponding policy via Equations (4),
(5), and (6). Note that a converged policy is not myopic; it is dependent on the cumulative future
reward (i.e., Q and V functions), not only on the immediate reward.

5.3 Pre-hoc Experimental Design and Post-hoc Dataset Analysis

We present the results of the pre-hoc experiment design and post-hoc dataset analysis for the MS
dataset. We first compute the EIG as a function of data sample size nd . We then illustrate how an
optimal sample size can be determined from an example decision-making rule. Here, we estimate
how many samples to collect for different criteria of data collection. Finally, we illustrate the post-
hoc calculation of the realized IG from the collected dataset.

We employed the affine invariant MCMC ensemble sampler [39] to sample from the posterior
distribution p (θ |D), specifically the Emcee Python package version 3.0 [31], for its ability to par-
allelize and explore multimodal distributions. We performed all EIG calculations using the Monte
Carlo estimator in Equation (13), with L = 60 and M = 92,000 (92 ensemble MCMC chains in
parallel, each with 1,000 samples). We discarded the first 20% of the chains as burn-in. In order to
determine a suitable chain length of MCMC, we compared MCMC results with: (i) 1,000 MCMC
samples versus (ii) continuing the chain longer until 10,000 MCMC samples. We do this on the
same testing case and plot their corresponding IG curves in Figure 3. These two curves match well
with each other, which suggests that 1,000 MCMC samples are sufficiently converged for estimat-
ing the IG for this problem, and running a longer MCMC chain is not likely to make a significant
difference.

5.3.1 Pre-hoc Experiment Design. In pre-hoc experiment design, we seek to construct the EIG
curve and use it for SSD. We also present these results with the different prior choices introduced
in Section 5.2.2, to illustrate their impact on the EIG and SSD.
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Fig. 3. IG curves under different number of MCMC samples (i.e., chain lengths).

Fig. 4. EIG curves from pre-hoc experiment design under different prior σ . The dashed lines in (a) are the

computed EIG values, while the solid lines in (b) are their logarithmic fits.

Figure 4(a) plots EIG versus dataset sample size nd under the priors with different σ , offering a
quantitative overview of their tradeoffs. For all these curves, we observe a sharp initial increase
of the EIG followed by a gradual flattening of the curve—a “kneebend”-like transition—which is
consistent with the intuition of diminishing return as the total dataset size grows. The EIG values
are generally higher for larger prior σ , because a higher-variance prior presents more of an oppor-
tunity to reduce uncertainty as measured by the KL divergence. The different curves also appear
to share a similar shape and trend, hinting that the impact of these prior choices may not signifi-
cantly affect the optimal sample size, which we will show in more detail shortly. Furthermore, the
EIG curves appear to be roughly logarithmic. Indeed, Figure 4(b) plots the logarithmic fitting of
EIG curves in the form:

ÊIG(nd ) = a lognd + b, (17)

which match well with the original EIG curves in Figure 4(a). The fitted functions thus can be used
to guide future interpolation and extrapolation analyses.
Having obtained the EIG curves, we can now use them to perform SSD. Following the procedure

described in Section 5.2.2, the model designer needs to specify two parameters: (1) nmax
d

—absolute
maximum number of samples as dictated by resource constraints, and (2) p—the percentage of
the maximum EIG that the model designer wishes to achieve. In our illustration with MS
dataset, we choose nmax

d
based on a maximum number of 1,500 participants (approximately 30%
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Fig. 5. Dataset sample size nd required to achieve a target percentage p, under different prior σ .

participants in MS tertiary clinics associated with our university’s Medical School) that we could
recruit for a 7-day data collection study (the length of the usual seven-day protocols [53–55]) at
the standard compensation of $200 per participant per week, which totals to a prohibitively costly
budget of $300,000. This equates to approximately nmax

d
= 10,000 samples; as a demonstration, we

select p = 80% as a reasonable target percentage of the maximal EIG.
Substituting the logarithm fit of EIG from Equations (17) into (14), we can solve for the sample

size as a function of p:

nd = exp

[
p

100
lognmax

d +
(p − 100)b

100a

]
. (18)

Figure 5 shows nd versus p in a semi-log plot under different priors, which appear almost iden-
tical except for a small discrepancy from σ = 0.2. This suggests the determination of nd under our
procedure is robust and unaffected by the different prior choices considered here.
Having considered the effects of different priors, we now focus only on the case with σ = 0.5 for

the remainder of the article. Figure 6 (left) shows both its expected (mean) IG (i.e., the EIG) as well
as the standard deviation of IG plotted as 95% confidence intervals (i.e., ±1.96 standard deviations).
The logarithmic fit of EIG is ÊIG(nd ) = 9.35 ln(nd ) + 31.51, and in Figure 6 (right) it appears to
have excellent agreement with the non-fitted points. Following our SSD procedure, we compute
the required sample size for 80% maximal EIG to be nd (80) ≈ 807 samples. This corresponds to a
seven-day data collection with approximately 116 participants totaling $23,200 based on a rate of
$200 per participant per week, providing a saving of $276,800 compared to the $300,000 required
for nmax

d
= 10,000 samples.

5.3.2 Post-hoc Dataset Analysis. In the post-hoc dataset analysis, our goal is twofold: (1) to vali-
date our pre-hoc experiment design, and (2) to illustrate how to assess if an existing dataset contains
sufficient samples. We compute the realized IG based on the 707 post-collected data instances col-
lected in real life and plot it in Figure 7 (in red/purple). The confidence interval envelope for the
purple realized IG is from bootstrapping the 707 samples (e.g., for nd = 50, there are many dif-
ferent ways to choose 50 samples from the total of 707) as well as the randomness from MCMC
sampling. While the pre-hoc EIG curve (in blue/green) and its envelope capture the uncertainty
due to different possible θ values, the post-hoc curve represents a specific realization of θ (i.e., data
generated from the true θ in real life). Indeed, both curves share the same trend, and the post-hoc
curve has lower uncertainty compared to its pre-hoc counterpart.
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Fig. 6. Pre-hoc EIG curve with 95% confidence interval (±1.96 standard deviations) (left) and logarithmic fit

of the EIG curve (right), for the prior with σ = 0.5.

Fig. 7. Pre-hoc EIG curve, post-hoc realized IG curve, and their confidence intervals.

An SSD based on the pre-hoc EIG curve is very representative of the realized IG from the col-
lected dataset. Moreover, in this illustration, the post-hoc IG curve is higher than pre-hoc EIG curve,
indicating that the 707 samples we have collected are sufficient for achieving our targeted EIG. The
post-hoc percentage, which is the ratio between the realized post-hoc IG and the maximal pre-hoc
EIG, is around 84%, exceeding the target of 80%.
Note that our method does not require the model designer to actually investigate these curves

if they do not wish to do so. Instead, our method allows for a simple function that takes in our
pre-hoc data analysis parameters and returns the ratio between the realized post-hoc IG and the
maximal pre-hoc EIG.When the ratio exceeds the target (as is the case in our illustration) themodel
designer can accept the dataset; otherwise, the model designer needs to collect more data samples.

5.3.3 Interpreting Uncertainty Distribution of Model Parameters. Having quantified the overall
uncertainty of model parameters for a given dataset size, themodel designersmaywish to visualize
and explore the uncertainty associated with individual model parameters. The post-hoc dataset
analysis provides the posterior distribution of model parameters θ , which allows model designers
to interpret uncertainty information about the model parameters. This posterior distribution is
also the formal solution to the Bayesian inference problem.
Figure 8 shows the marginal posterior histogram of each component of θ . While most marginal

posteriors appear unimodal, the joint distribution is in fact highly multimodal due to the non-
uniqueness of θ (i.e., different θ values can result in similar or even the exact same stochastic
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Fig. 8. Marginal posterior distributions (histograms of MCMC samples) for θ components from post-hoc

dataset analysis. Blue titles indicate state features and orange titles indicate action features.

policy), and the appearance of unimodality is due to the effect of marginalization (i.e., projection)
onto the lower dimensional spaces.
Figure 9 further presents the top 20 pairwise-marginal scatter plots having the highest linear

correlation magnitude. In these figures, red dots indicate the 10 MCMC samples having the highest
posterior PDF value. Since these red points are scattered and do not appear to form a cluster, they
suggest the joint distribution of θ posterior is highly multimodal. We verified that these high-PDF
θ samples indeed result in similar likelihood values and policies, despite having different θ .

Some θ components cannot be interpreted as a preference, such as those corresponding to
the participants’ gender and age, which are state features that do not change within a behav-
ior instance. Other θ components correspond to participant preferences. For example, in this
dataset, participants answered most of the self-reported momentary assessments, so Not Recorded
features are always associated with lower θ values compared to Recorded features. The model
is also highly confident that participants prefer CurrentEODPAW : Normal much more than
CurrentEODPAW : Mild and CurrentEODPAW : Moderate , as the probability mass of Normal
concentrates around 1 while that of Mild and Moderate are around 0. These observations and in-
terpretations provide the support that our IRL model captures meaningful patterns of behaviors
from the dataset.
Having computed the posterior uncertainty of θ , we can then propagate it to other quantities of

interest in the model and obtain their posterior-predictive distributions. For example, to compute
the updated policy P (a | s ) based on the posterior distribution of θ , we can take the posterior sam-

ples θ (k ) from MCMC and for each sample compute the policy through Equation (6). The resulting
distribution of policies then reflects the uncertainty in the policy due to the residual uncertainty
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Fig. 9. Pairwise-marginal posterior distributions (MCMC samples) of θ component pairs from post-hoc

dataset analysis. Every dot is an MCMC sample and its darkness reflects its relative posterior PDF value.

Red dots indicate the 10 samples with the highest posterior PDF value. The subplots are sorted from high to

low linear correlation magnitude.

in θ . Using this technique, we present in Figure 10 the pre-hoc EIG on the policy distribution (i.e.,
the KL divergence from the prior-predictive to the posterior-predictive distributions of the policy)
averaged over all possible states and action pairs, and also the post-hoc realized IG. Both curves
have a similar trend as the θ curves in Figures 6 and 7, although the uncertainty on the pre-hoc
EIG curve of policy is higher. Worth noting is that the post-hoc realized IG curve is now below the
pre-hoc EIG curve, in contrast to the curves for θ . This is an example that the value and information
gained from data may be different depending on the quantity of interest.

6 DISCUSSION

The results in the previous section serve as a diagnostic tool for SSD. In particular, the pre-hoc

results allow one to decide how many new samples to collect, and the post-hoc results provide
an assessment of whether the current dataset size is sufficient. Note that this is different from
determining the length of each individual data collection (e.g., determining how many days of
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Fig. 10. Pre-hoc EIG curve, post-hoc realized IG curve, and their confidence intervals of the policy. The right

figure is zoomed in from the left (note the horizontal axis values).

data to collect from each participant). In our demonstration, post-hoc also serves as a validation of
the overall procedure, where the trend of the realized IG is captured within the pre-hoc EIG. These
tools are particularly valuable when the cost of data is high, where a carefully made decision
of how much data to collect can lead to large resource savings and the alleviation of potentially
unnecessary burden for the participants to undergo the data collection process.
We reiterate that our framework and methodology provide support for decision-making, but

the decision of sample size selection ultimately rests with the model designer. This decision in-
volves many additional factors such as the specific goals of the model and data usage, monetary
cost and scheduling of experiments, value of information and knowledge, consequences and risks,
regulatory and policy requirements, and even the degree of risk-aversion of the decision maker. In-
corporating these components systematically and comprehensively, as is pursued in the research
of decision theory (e.g., [10, 73]), is extremely challenging and beyond the scope of our work. The
methods we provide are therefore a starting point for a potentially complex decision-making pro-
cess, by offering a quantitative assessment of information content provided by the data. We thus
provide a specific example where our framework can return the optimal number of data samples if
a decision-maker provides it with a maximal number of samples and a percentage of information
to target.
Our framework and methodology in Section 4 are completely general, without any require-

ments on the problem context, dataset, decision rule, and feature choices. The concepts and
building blocks from which we established our method are also mathematically principled and
rigorously supported by theory; MDP, MaxCausalEnt, SGD, Bayesian inference, KL divergence
and EIG, MCMC, and KDE, are all rooted in theoretical and applied computational research, and
accompanied by their convergence proofs and conditions. Therefore, our framework is certainly
applicable for a wide range of other use-cases that fit under the premise described in Section 4.
However, the computational requirements and difficulty in practice will depend on the size of

the problem, the cardinality of states and actions, the number of features, and the conditioning of
the specific problem and dataset. One major motivation for choosing the demonstration of the MS
dataset is to showcase our method’s ability to handle realistic, non-trivially sized problems.
One key novelty of our approach is the use of Bayesian inference for guiding SSD in an

IRL context. Bayesian inference provides model parameter estimates along with uncertainty
information, thus quantifying the quality of parameter estimation from a given dataset. This
assessment quantity, the EIG, is tightly coupled with information-theoretic metrics, which allows
us to explore the tradeoffs between IG and additional data samples. Our work also advances
a Bayesian alternative to the existing MaxCausalEnt IRL algorithm [95] while retaining the
maximum entropy framework. Such a Bayesian approach bridges UQ with human behavior

ACM Transactions on Computer-Human Interaction, Vol. 30, No. 1, Article 8. Publication date: March 2023.



8:22 T. Hossain et al.

modeling, and opens the door for additional avenues of exploration such as Bayesian model
selection, Bayesian experimental design, and robust design optimization.
Our proposed method also comes with limitations. For example, it may not immediately be clear

how our method decouples epistemic uncertainty (i.e., the uncertainty that is reducible given more
data) from aleatoric uncertainty (i.e., inherent randomness that is irreducible from data). Although
Bayesian inference typically centers around the update of epistemic uncertainty through the com-
putation of the posterior distribution ofmodel parameters, it certainly also involves (if not requires)
the participation of aleatoric uncertainty. For example in our work, aleatoric uncertainty manifests
via the initial probabilities, transition probabilities, and (in part) stochastic policy—all of which are
crucial components of our overall model and essential in defining the Bayesian likelihood (if absent,
the likelihood would be degenerate and the Bayesian problem would be ill-defined). Our UQ re-
sults of posterior-predictive distributions on the policy encompass these aleatoric effects together
with the epistemic uncertainty in the model parameters.

However, there are additional sources of aleatoric uncertainty that our method does not cap-
ture, notably data measurement noise and model discrepancy [51]. Although one can view these
effects to be grouped into the overall likelihood probability, we acknowledge that it would be more
accurate to model them explicitly. To consider the epistemic and aleatoric nature of different uncer-
tainty sources, the model designer can introduce them into our current framework as long as the
designer defines and represents their relationships to the othermodel variables in amanner faithful
to their true behavior. However, from a practical perspective of the decision-maker, it is of greater
importance to understand how the overall uncertainty reduces with more data than specifically
attributing to epistemic or aleatoric types—which is something that our method already enables.
Another challenge is computational cost. While a Bayesian framework offers rigorously quanti-

fied uncertainty, each inference solved withMCMC is generally muchmore expensive than finding
point-estimates such as with the SGD-based MaxCausalEnt IRL. Further compounding the numer-
ical cost in the pre-hoc experiment design stage is the repeated Bayesian inference solves (the
outer loop Monte Carlo) under different samples of θ and D. This becomes an extremely compute-
intensive task that requires the utilization of parallel and high-performance computing. The cost
would become even higher for more complex IRL models and higher dimensional state, action,
and feature spaces. These requirements may be alleviated with future advances in computational
methods, such as through dimension-reduction, efficient sampling (e.g., advanced MCMC), and ap-
proximate inference (e.g., variational inference [13], Stein variational methods [63]). Nonetheless,
even a high computational cost is generally well worth the effort when compared to the cost of
real-life experiments needed for data acquisition.

7 CONCLUSION AND FUTURE WORK

In this article, we presented a Bayesian SSD method for an existing IRL-based behavior modeling
approach [4, 8]. We illustrated our method on a real problem of modeling behaviors of people with
MS [97]. We showcased the applicability of our method in different stages of data collection study
design: (1) pre-hoc experimental design, to plan and decide sample size before data collection, and
(2) post-hoc dataset analysis, to analyze the sample size of an existing dataset after data collection.

Our numerical experiments validated our approach and illustrated how model designers can
use the analysis from our methods to make an informed decision about how many data samples to
collect or assess the uncertainty of parameter estimates from their existing datasets. Our method
enables capabilities, which together with a strategy for efficient data acquisition, can contribute
to develop more accurate and reliable human behavior models.
Thus, there are three threads for future work. First, conducting SSD experiments under different

domains could uncover insights on how different domain-specific considerations drive the design
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of their respective data collection studies. Suchwork could lead to establishing benchmark datasets
for modeling human behavior using IRL across domains. Second, having a SSDmethod allows us to
study the considerations from model designers and domain experts when trading off information
of the model for the cost of data collection. Finally, our method used a Bayesian formulation of IRL,
which enables future exploration of conducting human behavior predictions under uncertainty.
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